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The morphology of a mixture made of a polar active gel immersed in an isotropic passive
fluid is studied numerically. Lattice Boltzmann method is adopted to solve the Navier-
Stokes equation and coupled to a finite-difference scheme used to integrate the dynamic
equations of the concentration and of the polarization of the active component. By vary-
ing the relative amounts of the mixture phases, different structures can be observed. In
the contractile case, at moderate values of activity, elongated structures are formed when
the active component is less abundant, while a dynamic emulsion of passive droplets in
an active matrix is obtained for symmetric composition. When the active component is
extensile, aster-like rotating droplets and a phase-separated pattern appear for asym-
metric and symmetric mixtures, respectively. The relevance of space dimensions in the
overall morphology is shown by studying the system in three dimensions in the case of
extensile asymmetric mixtures where interconnected tube-like structures span the whole
system.
Keywords: Polar active gels; emulsions; hybrid lattice Boltzmann method; morphological
patterns
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1. Introduction
The ability of some systems to perform autonomous motion when energy is provided
either by external sources or by internal environment, is a fascinating and hot
topic in recent research in physics.1 The plethora of emerging phenomena from
self-assembly to spontaneous flow, from bacterial turbulence to collective motion2–4
opened the way to explore new phenomena in the so-called active matter and to set
up materials with prescribed properties.
The study of single-component active systems is quite extended while the case
of mixtures with active and passive phases has been poorly investigated. Brownian
simulations of active and passive particles enlightened the role of activity in sepa-
rating the two species.5,6 Binary fluids were showed to have unstable active-passive
interface due to the active component.7,8 The model for emulsification of an active
component in a passive fluid due to the presence of surfactant, has been recently
introduced and studied for different compositions.9,10
The aforementioned model generalizes the well established theory of active
gels11,12 to describe a polar gel with extensile or contractile activity dispersed in
an isotropic passive fluid. It was shown that intriguing patterns can be tuned by
varying both the magnitude of the activity and the relative amounts of the two
components. In the present paper we illustrate the morphologies that can be ob-
tained for moderate values of activity when the active phase is equal to, smaller
or larger than 50% in two-dimensional systems. When the active motion is puller-
like, deformed patterns are observed when the active component is less abundant.
A dynamic emulsion of passive droplets in an active structure can be triggered for
symmetric composition. When the active component is pusher-like, droplets, resem-
bling asters, and a phase-separated pattern appear for asymmetric and symmetric
mixtures, respectively. We also show for the first time how a system in three dimen-
sions, in the case of extensile asymmetric mixtures, allows to build interconnected
tube-like structures spanning the whole system.
The equilibrium properties of the model are derived from a proper free-energy
functional. The phenomenological dynamic equations for the concentration and for
the local orientation of the active phase are derived from the free energy and coupled
to the Navier-Stokes equation for the overall fluid. The equations are numerically
solved by using a hybrid lattice Boltzmann method.7,13,14
2. Model and Methods
We outline here the hydrodynamic model and the method used to perform this
numerical study. We consider a fluid mixture made of an active polar phase and
of a solvent, with overall mass density ρ(r, t) and velocity v(r, t). We describe the
relative concentration of the two phases with a scalar field φ(r, t) and introduce the
vector field P (r, t) defining the local average orientation of the active material. The
evolution of the system is governed by the following set of equations in the limit of
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incompressible flow:
ρ (∂t + v · ∇)v = −∇P +∇ ·
(
σpassive + σactive
)
, (1)
∂φ
∂t
+∇ · (φv) = M∇2µ, (2)
∂P
∂t
+ (v · ∇)P = −Ω ·P+ ξD ·P− h
Γ
. (3)
Here the first equation is the incompressible Navier-Stokes equation, where P
is the ideal gas pressure, while the stress tensor has been divided in a passive con-
tribution σpassive, given by the conserved momentum current, and a phenomeno-
logical active contribution σactive.15 The second equation rules the evolution of the
concentration field. Being globally conserved, this can be described by a convection-
diffusion equation where the chemical potential µ = δFδφ is derived from an appro-
priate free energy F [φ,P ] (to be defined in the following), and M is the mobility
parameter. The evolution of the polarization field is governed by an Ericksen-Leslie
equation, adapted for the treatment of a vector order parameter. Here h = − δFδP
is the molecular field, Γ is the rotational viscosity, D = 12 (∇v +∇vT ) is the sym-
metric deformation rate tensor, Ω = 12 (∇v −∇vT ) is the vorticity tensor; and ξ is
a parameter that controls the aspect ratio of active particles (positive for rod-like
particles and negative for disk-like ones). To define the equilibrium properties of our
system we made use of the Landau-Brazovskii theory16 coupled to the distortion
free-energy of a polar liquid crystal in the single-constant limit:
F [φ,P ] =
∫
dr
[
a
4φ2cr
φ2(φ− φ0)2 + kφ
2
(∇φ)2 + c
4
(∇2φ)2
−α
2
(φ− φcr)
φcr
P 2 +
α
4
P 4 +
kP
2
(∇P )2 + βP · ∇φ
]
.
(4)
By choosing a > 0, the separation of the two phases is favored with equilibrium
values 0 and φ0, while the gradient terms rule the intensity of the interfacial tension.
Notice that by choosing kφ < 0, interfaces are likely to form, so that the Brazovskii
constant c must be positive to guarantee thermodynamic stability. We will name
as active those regions where φ > φcr ≡ φ0/2. The terms in P in Eq. 4 define the
equilibrium properties for the polarization field, that is confined in those regions
where φ > φcr, for positive values of α. The energy cost for the elastic deformations
is paid by the gradient term, while the coupling between the polarization and the
concentration field defines the properties of anchoring of the vector field at inter-
faces. In particular if β > 0 then the polarization at interfaces will point towards
passive regions of the mixture. This free energy has a transition line from the ferro-
magnetic phase to the lamellar phase at acr =
k2φ
4c +
β2
kP
when the two components
are symmetric. In the case of asymmetric composition stable droplets of the mi-
nority phase are observed.17–19 This is equivalent to disperse a suitable amount of
surfactant in the mixture favoring emulsification of the two phases.
In order to make the description of the model complete, we explicitly write the
various contributions to stress tensor, appearing in Eq. 1. For what concerns the
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passive part of the stress tensor, this includes the viscous contributions σviscous and
the conserved momentum current stemming from the free energy, including binary
mixture and polarization contributions. Thus we write:
σpassive = σviscous + σpolar + σbinary (5)
where σvisαβ = η(∂αvβ + ∂βvα) is the usual viscous tensor stress, η being the
shear viscosity; σpolαβ =
1
2
(Pαhβ − Pβhα) − ξ
2
(Pαhβ + Pβhα) − kP∂αPγ∂βPγ
comes from liquid crystal theory,15 ξ determining whether the fluid is flow tum-
bling (|ξ| < 1) or flow aligning (|ξ| > 1); σbinαβ = (f − µφ) δαβ − kφ∂αφ∂βφ +
c
[
∂αφ∂β(∇2φ) + ∂βφ∂α(∇2φ)
] − βPβ∂αφ includes the interfacial stress, f being
the free energy density appearing in Eq. 4. Finally, σactiveαβ = −ζφ
(
PαPβ − P 2d δαβ
)
is a phenomenological term stemming from a coarse-graining procedure,20,21 as-
suming that polar objects are capable to do some work in their neighborings. Here
d denotes the space dimensions and ζ is the activity which allows to tune the en-
ergy supply due to the active component in the mixture. Its values are negative for
contractile systems and positive for extensile ones.
The phenomenological equations are solved numerically by using a hybrid lattice
Boltzmann (LB) method13,14,22–24 where a LB approach for the Navier-Stokes equa-
tion (see Ref. 10 for details) is coupled with a finite-difference predictor-corrector
method to integrate the equations for the fields φ and P . In 2d, square lattices of
size L = 256 were adopted with periodic boundary conditions.
We will show here, for the first time, results from simulation in 3d space. Due to
high-demanding computational costs in term of memory allocation and simulation
times, we adopted a parallel approach by means of an MPI protocol, deviding the
computational grid into slices and associating each slice to a single computational
unit. Lattice Boltzmann solvers perform only local operation on data, and it is
therefore optimal for parallelization. Computation of derivatives on the edge of
subdomains has been solved by means of the ghost cells method .25
The range of values of φ goes from φ ' 0 (passive phase) to φ ' 2 (active phase).
The parameters are set to a = 4 × 10−3, kφ = −6 × 10−3, c = 10−2, α = 10−3,
kP = 10
−2, β = 10−2, Γ = 1, ξ = 1.1, φ0 = 2, and η = 1.67. In the following all the
quantities are measured in lattice units.
Mixtures with different amounts of active and passive components were consid-
ered denoting the compositions with the notation x : (100 − x) where x refers to
the active part. Systems were initialized with random configurations of polarization
and concentration and let evolve in the presence of activity.
3. Results
In the following we will give a characterization of the system in the case of contractile
(ζ < 0) and extensile (ζ > 0) activity for different composition of the mixture. In
order to better appreciate the role played by activity we start by discussing the
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Fig. 1. Contour plots of φ at non-equilibrium steady states of contractile 10:90 (left) and 50:50
(right) mixtures rispectively at activity ζ = −0.02 and ζ = −0.01.
equilibrium configuration in the passive limit (ζ = 0). For symmetric preparation of
the mixture the system described by the free-energy functional of Eq. (4) sets into
a lamellar phase with some dislocations in the pattern. For sufficiently asymmetric
preparations of the mixture (the critical concentration is around 35 : 65 for the
choice of parameters used in the present study but it generally depends on the
surface tension at interface) the system sets into a stable hexatic array of droplets
of the minority phase in a majority background matrix. Domains are thus prevented
from merging due to the presence of surfactant in the mixture as discussed in the
previous Section.
The effect of the activity on the morphology of the system is of crucial relevance
in both contractile and extensile case. We start our discussion from the contractile
case. When small values of |ζ| are used, patterns do not change with respect to the
equilibrium configurations previously discussed. Nevertheless, if contractile activity
is increased, self-generated flows greatly affect the overall morphology. In particular
contractile systems are unstable under splay deformation of the polarization pat-
tern, thus droplets in asymmetric mixtures tend to deform in the direction of the
main flow, due to strong anchoring of polarization to interfaces, leading to reduc-
tion of effective surface tension. If contractile activity is sufficiently strong, this is
enough to push the system towards formation of bicontinuous structures of the two
phases even in the asymmetric preparations (see left panel in Fig. 1). As asymme-
try between active and passive phase is reduced, the mechanism leading to surface
tension reduction remains unaltered; nevertheless the effects on morphology are yet
different: polarization tends to reduce elastic splay stresses by formation of point de-
fects. This, together with surface anchoring, leads the the formation of an emulsion
of droplets of passive materials in an active background matrix. These amorphous
configurations never set into a stable pattern due to continuous energy injection at
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Fig. 2. Contour plots of φ at non-equilibrium steady states of extensile 10:90 (left) and 50:50
(center) and 75:25 (right) mixtures rispectively at activity ζ = 0.008, ζ = 0.004 and ζ = 0.001 .
small scales, so that passive droplets are dragged and deformed by self-generated
flows.
If extensile activity is consdired we observe a net change in the overall behavior
of the system. At low concentration of active material, the hexatic array of active
droplets remains stable until a certain critical value is reached, depending on the
total amount of the active component. Beyond this threshold droplets start to merge
giving rise to big rotating droplets, driven by bending instability of polarization
under extensile flows. As the fraction of active material is increased, keeping fixed
the intensity of active doping ζ, the system eventually undergoes demixing of the
two phases giving rise to turbulent-like flows in the velocity pattern. Remarkably, in
highly asymmetric mixtures, where the majority is active, we found a background
passive matrix, despite it is the minority component of the mixture.
Even in 3d the effect of activity on the morphology is highly surprising. We con-
sider here a highly asymmetric preparation (10 : 90) of the mixture. In the passive
limit (see central panel of Fig. 3), analogously to what happen in the bidimensional
case, an emulsion of droplets of the minority phase arrange in a cubic lattice with
some dislocations in the arrangement. Droplets do not merge due to the presence
of a suitable amount of surfactant, but if the minority phase is made active this
ordered lattice structure is easily lost, whoever activity is contractile or extensile. In
the former case, droplets for small values of |ζ| are first stretched by the flow, then as
active doping is increased, droplets start to merge giving rise to tubular structures
that span the system, creating a bicontinuous phase. The underlying mechanism
is the same as descibed in the bidimensional case. In the extensile case the mor-
phological behavior is relatively different from its bidimensional counterpart. If in
2d, bending instability in the polarization pattern acted as a source of vorticity,
making droplets rotate, in 3d this is no more the case, since polarization is no more
confined in a bidimensional plane and is free to rotate in space. Big amorphous
ferromagnetic structures form in the system due to the increased effective surface
tension. The thickening of active materials in such domains leads to formation of
lighter structures in the rest of the system (see right panel in Fig. 3). The richness
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Fig. 3. Isosurfaces at φ = 1.5 of concentration field φ in 3d systems. The central panel shows the
relaxed configuration consisting in a cubic array of droplets. If contractile activity is switched on
(ζ = −0.005) a tubular network of active domains form a bicontinous phase that spans the whole
system. In extensile systems (ζ = 0.008) ordered structures are lost in favor of amorphous and
tubular shapes.
in morphology found in our preliminary 3d simulations deserves a further study, to
methodically characterize the behavior of the system, while varying the intensity of
active doping.
4. Conclusions
We have shown that an active polar gel embedded in an isotropic passive fluid can
manifest a wealth of structures by varying the relative amounts of the phases as
well as the activity. Our attention was focused on intermediate values of this latter
parameter. Contractile emulsions were shown to be characterized by the presence of
elongated patterns that eventually form bicontinuous structures, even if the active
phase is minority. The same ratio of the two phases allows us to obtain emulsions
of passive droplets in an active pattern. For extensile emulsions flow patterns are
responsible to produce much different morphological configurations, ranging from
aster-like rotating droplets to phase-separated patterns, when increasing the amount
of the active component. Some preliminary results of three-dimensional systems
have also been shown. These show that rich structures appear in the system while
changing the kind and intensity of active doping, suggesting that these systems
as promising tools to fabricate smart materials able to self-assembly with variable
morphology.
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